We investigate the invariant probability measures for Cherry flows, i.e. flows on the two-torus which have a saddle, a source, and no other fixed points, closed orbits or homoclinic orbits. In the case when the saddle is dissipative or conservative we show that the only invariant probability measures are the Dirac measures at the two fixed points, and the Dirac measure at the saddle is the physical measure. In the other case we prove that there exists also an invariant probability measure supported on the quasi-minimal set, we discuss some situations when this other invariant measure is the physical measure, and conjecture that this is always the case. The main techniques used are the study of the integrability of the return time with respect to the invariant measure of the return map to a closed transversal to the flow, and the study of the close returns near the saddle.
Introduction and Results
An important part in understanding a dynamical system consists in understanding its invariant measures and their properties. A special role is played by the physical measures, because they describe the statistical properties of a large set of trajectories. A general dynamical system may have infinitely many complicated invariant measures in a robust way (if it has a horseshoe for example); a system may also have infinitely many or no physical measures, however it is conjectured that generically there are finitely many physical measures and that they behave 'nice' (the Palis conjecture, see [6] for example).
For homeomorphisms in dimension one the situation is less complicated. The homeomorphisms of the circle and the interval have the invariant measures supported on periodic orbits or a minimal set, while the physical measures are supported on periodic attractors, or on the minimal set, or they don't exist. For homeomorphisms on surfaces and non-invertible maps in dimension one the situation may be already much more complicated (there may be horseshoes, the physical measure may be supported even at a repeller). The flows on surfaces are situated somewhere in between these two situations.
If there are no fixed points then the dynamics can be reduced to a homeomorphism of the circle. If there are attracting fixed points or periodic orbits, then one has physical measures supported on them. If there are fixed points and non-trivial recurrence then interesting new situations can appear, and we studied some of them in [7] -stopping a transitive flow at a point, and performing a Hamiltonian saddle-node bifurcation. The aim of this paper is to study another type of flows on surfaces with singularities and non-trivial recurrence, namely the Cherry flows. One motivation for the investigation of these specific situations is to understand the ergodic properties of flows on surfaces in general. Every flow on a surface can be broken up into some simpler pieces, some possibly corresponding to generalized Cherry flows (more saddles, sources or sinks), or corresponding to suspensions over generalized interval exchange maps, with indifferent fixed points or saddles (of course there may also be wondering regions or invariant annuli, but these are easy to understand).
We recall that if φ is a continuous flow on a compact manifold M, then a Borel measure ν on M is called an invariant measure if ν(A) = ν(φ t (A)) for every measurable set A and every t ∈ R. The basin of attraction of an invariant probability measure ν is the set of points x ∈ M such that for every continuous function f : M → R we have
An invariant probability measure is called a physical measure if its basin of attraction has positive Lebesgue measure.
Throughout the paper we will consider φ to be a C ∞ (less regularity is sufficient in many cases) Cherry flow on the two-torus T 2 with a saddle a and a source b (in some papers b is considered to be a sink, but this would automatically correspond to the unique physical measure, which is not interesting for us). The flow has no other fixed points, and no closed or homoclinic orbits. The wondering points, which are the same with the points from the basin of attraction of the sink for the reversed flow, form an open strip which rotates around the torus with an irrational angle (without self-intersections). The complement of this strip is a quasi-minimal set (an invariant closed set such that the only invariant closed nontrivial subset is a fixed point), and away from the saddle it is locally diffeomorphic with the product of a Cantor set with the interval.
We assume that the eigenvalues of φ at a are λ s < 1 < λ u . We also consider S 1 to be a smooth circle transversal to the Cherry flow φ, with the first return map g. The map g is a monotone circle map (with one discontinuity), and thus it has a well defined rotation number. In the case when the hyperbolic fixed point is dissipative or conservative (the divergence of the vector field at the saddle is non-positive), we obtain that the physical measure is supported at the saddle. Under some more restrictive conditions on the Cherry flow, a similar result was obtained by V. Kleptsyn in his PhD thesis [2] . If the saddle has positive divergence, then there exists another probability invariant measure supported on the quasi-minimal set.
Theorem 2 (Positive divergence at the saddle). Under the above assumptions, if λ s λ u > 1, then there exist exactly three ergodic invariant probability measures for φ: δ a , δ b , and a third invariant probability measure ν supported on the quasi-minimal set.
